The Sheffer polynomials and the monomiality principle, along with the underlying operational formalism, offer a powerful tool for investigation of the properties of a wide class of polynomials. We present, within such a context, a self-contained theory of such familiar systems of polynomials as the Euler, Bernoulli, Bessel and other clasical polynomials and show how the derivation of some of their old and new properties is greatly simplified.
Introduction
The Euler polynomials E n (x) and the Bernoulli polynomials B n (x) [1, 2] are usually defined by means of the following generating functions: ∞ n=0 t n n! E n (x) = 2e xt e t + 1 (|t| < π )
and ∞ n=0 t n n! B n (x) = te xt e t − 1 (|t| < 2π ),
respectively. The associated numbers E n and B n are simply given by
and B n := B n (0) = (−1) n B n (1) = 1 2 1−n − 1 B n 1 2 ,
so that
and B n (x) = n k=0 n k x k B n−k .
The above sets of polynomials belong to the socalled Appell family [2] , which includes all polynomials A n (x) whose generating functions can be put in the following form:
A n (x) = A(t)e xt .
A convenient operational form to define the Appell family {A n (x)} ∞ n=0 can be directly inferred from Eq. (7) . Indeed, in terms of the ordinary derivative operatorD x with respect to x, we find from (7) that
which immediately yields [3] A n (x) = A D x x n .
Thus, by using the commutative property of the ordinary derivative operatorD x , we also havê
In the case of the Euler polynomials and the Bernoulli polynomials defined by the generating functions (1) and (2), we similarly find that
and
which can also be cast in the forms:
and nx n−1
Thus, in view of the following operational identity:
the above operational formulas can be exploited to derive some well-known recurrence relations for the Euler and Bernoulli polynomials. Analogous to the Bernoulli and Euler polynomials, the Genocchi polynomials G n (x) are defined by means of the following generating function:
and the corresponding Genocchi numbers G n are given by [4, 5] G n = G n (0).
Alternatively, we have the operational representation:
which, when compared with (11) , yields the following relationships with the Euler polynomials:
An analogous relationship of the Genocchi numbers G n with the Bernoulli numbers B n is also known as follows (see, for example, [5] ):
Furthermore, many old and new results involving Bernoulli and Euler polynomials and numbers can easily be translated in terms of the Genocchi polynomials and numbers (see, for details, [6] [7] [8] and the references cited therein). For example, in view of the relationship (18), we find from the familiar summation formula:
which, for x = 0 and y → x, immediately yields (see, for example, [4] )
The Appell family {A n (x)} ∞ n=0 generated by (7) is obviously rather restrictive; it does not allow the treatment, within the same context, of such other polynomial sets as the Laguerre polynomials or the Bessel polynomials. In the next section, we will observe that the extension to the Sheffer family [9] allows such a possibility, without adding further complications to the operational formalism which we have outlined above.
Sheffer polynomials and the monomiality principle
The Sheffer polynomials are specified here by means of the following generating function (see [9, 10] and the references cited therein):
Clearly, the Appell polynomials (and thus the Euler and Bernoulli polynomials) belong to this family, too. It has recently been pointed out that the polynomials s n (x) are quasi-monomials under the action of a set of operators defined in terms of the functions f (t) and g(t) [9, 10] . We recall that a polynomial set
is said to be quasi-monomial [9] if two operatorsX andP, respectively called multiplicative and derivative operators, can be defined in such a way that
which yield the following identity:
and the following operational definition of the polynomials p n (x):
In the case of the Sheffer set defined here by (24), we can identify these operators as follows (see [9, 10] ):
thus finding that the polynomials s n (x) satisfy the following differential equation:
Also, in the particular case of the Euler and Bernoulli polynomials, we find that
which can be cast in the form of a difference equation analogous to Eqs. (13) and (14). The multiplicative operator can also be exploited to state recurrence relations of the following type:
Our results (31) to (34), albeit not providing more information than (13) and (14), can be suitably manipulated in order to show that the Euler (as well as the Bernoulli) polynomials satisfy infinite-order equations of the following type:
the superscript (k) in (35) denoting the derivative of order k.
One can take advantage from the above-illustrated algebraic point of view to simplify the solution of other problems as well. For example, making use of the symbolic notation:
so that, symbolically, we have
we symbolically find from (13) that
which leads us to following well-known symbolic identity:
Furthermore, by noting that
we obtain
which, for x = 0, yields the following well-known summation formula:
It is also worth noting that the Genocchi polynomials G n (x) defined by (15) are easily shown to satisfy the following recurrence relation:
and the following summation formula:
which, for x = 0, immediately yields
We have so far just treated the cases of the polynomials in which the derivative operator coincides with the ordinary derivative. We will now consider the case of the Bessel polynomials [11] . The wealth of different realizations of the derivative and multiplicative operators implicitly contained in Eqs. (28) and (29), along with the properties of the Heisenberg-Weyl algebra, opens up new possibilities for the study of many of these classical polynomials.
We consider indeed the case provided by the polynomials s n (x) generated by (cf. [9, 10] ):
which are linked to the simple Bessel polynomials y n (x) by
where
denotes the simple Bessel polynomials introduced by Krall and Frink (see, for details, [11] ; see also [2] ). The above polynomials belong to the quasi-monomial family and their relevant characteristic operators can be realized as follows (see, for details, [9, 10] ):
We will now see that the above realization allows interesting and useful conclusions either from the purely mathematical side or from the applicative side. The use of the elementary identity:
allows us to recast the multiplicative operator in the form:
so that its action on a given function q(x) is specified by the following integral transform:
which is valid whenever the integral on the right-hand side of (51) is convergent. Thus, according to the previously obtained relations, we realize that the polynomials generated by (45) satisfy the following non-local recurrence relation:
and the following integral equation:
Concluding remarks and observations
The last equations of the preceding section, relevant to the Sheffer-Bessel polynomials s n (x) given by the generating function (45), can also be cast in a different form. Indeed, by noting that
and that
we find that
Each of these results can easily be translated in terms of the simple Bessel polynomials y n (x) given by (46) and (47). Going back to Section 1, we define the following three operators:
which can be exploited with a view to establishing a few useful computational rules as follows:
and so on.
We can easily generalize the definition of (for example) the Bernoulli polynomials by considering the family of higher-order Bernoulli polynomials B n (x|m) generated by
and, in general,
Clearly, the operational definition of these higher-order Bernoulli polynomials has the form given bŷ
From the abstract point of view, we can formally consider the above family as being equivalent to the higher-order Hermite polynomials [3] (or the relatively more familiar Gould-Hopper polynomials [2] ) given by
as exhibited by the following symbolic identity:
Here, as usual, we have assumed that B k = B k , so that the higher-order Bernoulli polynomials can be viewed as a kind of umbral extension of the higher-order Hermite polynomials. Accordingly, we can also adopt the following operational definition for the higher-order Bernoulli polynomials:
Further developments in this direction can be presented for such other interesting generalizations of the Bernoulli polynomials B n (x) as those defined by means of the following generating functions:
the umbral form of the set of polynomials B n (x; m) being given by
so that, obviously,
where B (α)
n (x) denotes the relatively more familiar generalization involving a (real or complex) order α (see, for details, [2, 6, 8, 12] ).
Before concluding this paper, we choose to address a further problem which presumably provides an important confirmation of the usefulness of the operational formalism that we have discussed so far. As is well known, the following mixed generating function: 
has been derived as an application of the Lagrange expansion (see [12] 
This last result (75), due originally to Carlitz ([12] ; see also [2, p. 397, Problem 27]), has been obtained here in a more direct way. The detailed implication of the operational formalism within the context of mixed generating functions deserves to be investigated more systematically and more thoroughly.
